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Devwudfw
Lq d pxowl0shulrg hqylurqphqw/ wlph lv fhuwdlqo| dq dgghg glphq0
vlrq lq zklfk wkh sulqflsdo fdq gl￿huhqwldwh lq vhdufk ri ehwwhu vfuhhq0
lqj frqwudfwv1 Wklv lghd lv xvhg lq d wzr0shulrg prgho ri djulfxowxuh
zlwkrxw dq| irup ri xqfhuwdlqw|/ zkhuh wkh odqgorug r￿huv vhsdudwlqj
whqxuldo frqwudfwv wr vfuhhq whqdqwv ri gl￿huhqw vnloov/ zkhq wkh vnloo
lv sulydwh lqirupdwlrq1 Wkh sdshu vkrzv wkdw d ulvn qhxwudo odqgorug
zlvklqj wr kluh d ulvn dyhuvh whqdqw zloo dozd|v ￿qg lw rswlpdo wr r￿hu d
orqj whup ￿{hg uhqw frqwudfw wr d kljk0vnloohg whqdqw dqg d vkruw whup
vkduhfursslqj frqwudfw wr d orz0vnloohg rqh1
Nh|zrugv= vkruw0whup yhuvxv orqj0whup whqdqf| frqwudfwv/ ulvn
dyhuvlrq/ vfuhhqlqj1
MHO Fodvvl￿fdwlrqv= M74/ M76/ R451
WDq hduolhu yhuvlrq ri wklv sdshu zdv wlwohg ￿Gxudwlrq ri whqdqf| frqwudfwv1￿ Zh wkdqn
Sudqde Edugkdq/ Ndxvkln Edvx/ Wl}ldqd Eudqfdfflr dqg Vdqgur Euxvfr iru pdq| khosixo
frpphqwv/ vxjjhvwlrqv dqg uhihuhqfhv rq wklv lvvxh1 Doo uhpdlqlqj huuruv dqg rplvvlrqv
duh vroho| rxu rzq1
_Mdlghhs Ur|= Who1.78 68 65 77 55> Id{1.78 68 65 63 33> H0pdlo=
Mdlghhs1Ur|Chfrq1nx1gn1
hFruuhvsrqglqj dxwkru= Nrqvwdqwlqrv Vhuihv/ Who1= 4096409650:895> id{= 4096409650
:849> h0pdlo= nvhuihvCqrwhv1ff1vxq|ve1hgx1
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Djulfxowxudo frqwudfwv sod| d slyrwdo uroh lq iruplqj vwurqj dqg odvwlqj
uhodwlrqvklsv ehwzhhq wkh lqyroyhg sduwlhv dqg surprwlqj h!flhqf|1 Wkh
olwhudwxuh kdv ghyrwhg pxfk dwwhqwlrq wr wkh vwxg| ri wkh qdwxuh ri whqdqf|
frqwudfwv wkdw duh zulwwhq ehwzhhq d odqgorug dqg d whqdqw1 Wkh exon ri
wkh zrun lv rq vwdwlf frqwudfwv dqg wkh lqfhqwlyhv wkh| surylgh iru lqgxflqj
wkh rswlpdo h￿ruw14 Krzhyhu/ d odqgorug dqg d whqdqw pd| zlvk wr hqwhu d
frqwudfwxdo djuhhphqw vshfli|lqj wkh reoljdwlrqv ri hdfk sduw| ryhu d orqjhu
shulrg ri wlph1 Wkh dlp ri wklv sdshu lv wr vwxg| wkh qdwxuh dqg ohqjwk ri
whqxuldo frqwudfwv lq d g|qdplf vhwwlqj ri lqfrpsohwh lqirupdwlrq1
Wkhuh lv hpslulfdo hylghqfh wkdw whqxuldo frqwudfwv ydu| lq ohqjwk1 Edqglhud
+4<<<,/ iru h{dpsoh/ h{dplqhv whqxuldo frqwudfwv iurp wkh 4<wk fhqwxu| ux0
udo Vlflo|/ zkhuh vkh ￿qgv wkdw 5915( ri wkhp duh iru rqh |hdu/ 91<( iru
wzr |hduv/ 431<( iru wkuhh |hduv/ 68( iru irxu |hduv dqg 54( iru ￿yh |hduv
ru pruh1 Vkh dovr qrwhv wkdw ￿prvw vkduhfursslqj frqwudfwv zhuh rqh |hdu
orqj/￿ wkdw lv vkruw whup1 Hyhq pruh lqwhuhvwlqjo|/ Qhzehu| +4<::, zulwhv
￿Doprvw doo vkduh frqwudfwv duh iru rqh |hdu ru rqh furs
vhdvrq/ dqg duh wkxv pruh olnh oderxu frqwudfwv wkdq ￿{hg
uhqw frqwudfwv/ zklfk duh w|slfdoo| iru d orqj shulrg1 ￿
Lw lv h{dfwo| wklv hpslulfdo hylghqfh frxsohg zlwk wkh deryh dvvhuwlrq ri
Qhzehu| wkdw zh h{sodlq xvlqj d vlpsoh wzr shulrg prgho ri prudo kd}dug
dqg dgyhuvh vhohfwlrq1 Lq sduwlfxodu zh vkrz wkdw orqj whup frqwudfwv duh
dffrpsdqlhg zlwk d ￿{hg0uhqw/ zkloh vkruw whup frqwudfwv lqyroyh vkduhfurs0
slqj1
Frqwudu| wr wkh olwhudwxuh rq vkduh whqdqf| lq d vwdwlf hqylurqphqw/
wkhuh lv qrw pxfk zrun rq wkh lvvxh ri frqwudfw ohqjwk lq djulfxowxudo whq0
dqf|1 Edqglhud whvwv wkh k|srwkhvlv wkdw wkh ohqjwk ri frqwudfwv ghshqgv
fuxfldoo| rq wkh vhqvlwlylw| ri wkh furs wr pdlqwhqdqfh1 Vlqfh pdlqwhqdqfh
h￿ruw lv qrw frqwudfwleoh/ d odqgorug zlwk d yhu| vhqvlwlyh furs +olnh ylqhv
dqg flwuxv wuhhv,/ r￿huv wr d whqdqw d orqj whup frqwudfw lq rughu wr lqgxfh
klp wr wdnh wkh kljkhvw srvvleoh fduh ri wkh furs1 Wklv lqfhqwlyh surylvlrq
4Wkhuh duh pdq| sdshuv/ iru lqvwdqfh/ zklfk wu| wr mxvwli| wkh h{lvwhqfh ri vkduh whqdqf|1
Iru dq h{whqvlyh olvw ri uhihuhqfhv rq wklv lvvxh vhh Vlqjk +4<;<,/ Edvx +4<<:, dqg Ud|
+4<<;,1
5lv frvwo| ehfdxvh ri lqirupdwlrq uhqwv/ dqg wkhuhiruh vkruw whup frqwudfwv
duh xvhg zkhq wkh furs lv qrw vhqvlwlyh wr pdlqwhqdqfh h￿ruw +olnh zkhdw,1
Wklv frvw frphv iurp d olplwhg0oldelolw| dvvxpswlrq e| zklfk whqdqwv duh
qrw oldeoh wr wkh odqgorug iru pruh wkdq wkhlu zhdowk1 Wkhuh h{lvwv dovr d
olwhudwxuh5 zklfk dujxhv wkdw orqj whup frqwudfwv duh frvwo| gxh wr wkh idfw
wkdw wkh odqgorug fdqqrw xvh wkh wkuhdw ri hylfwlrq wr holflw d kljkhu h￿ruw rq
wkh sduw ri wkh whqdqw1 D whqdqw rshudwlqj xqghu d vkruw whup frqwudfw zloo
lqfuhdvh klv h￿ruw wrgd| lq rughu wr +suredelolvwlfdoo|, lqfuhdvh wkh rxwsxw
dqg frqvhtxhqwo| orzhu wkh suredelolw| ri hylfwlrq1 Rq wkh rwkhu kdqg/ d whq0
dqw rshudwlqj xqghu d vkruw whup frqwudfw pd| qrw kdyh hqrxjk lqfhqwlyhv
iru lpsuryhphqwv zklfk hqkdqfh ixwxuh surgxfwlylw| ^h1j1 Edugkdq +4<;7,/
Fk1 ;‘1 Qhyhuwkhohvv/ li wkh krul}rq lv lq￿qlwh ^Edugkdq +4<;7, frqvlghuv
d wzr0shulrg prgho‘/ wkhq vkruw whup frqwudfwv surylgh lqfhqwlyhv iru odqg
lpsuryhphqw vlqfh wkh whqdqw zloo uhds wkh ehqh￿wv ri fxuuhqw lqyhvwphqw lq
wkh frplqj |hduv zklfk zloo lqfuhdvh surgxfwlrq dqg orzhu wkh suredelolw|
ri hylfwlrq1
Zh frqvlghu d yloodjh zklfk frqvlvwv ri rqh odqgorug zkr rzqv d slhfh ri
odqg dqg kdv d wzr fursslqj0shulrg +shulrg/ khqfhiruwk, sodqqlqj krul}rq1
Kh kluhv d whqdqw lq rughu wr fduu| rxw idup pdqdjhphqw1 Zh dvvxph
wkdw wkh whqdqw lv pruh ulvn dyhuvh wkdq wkh odqgorug16 Idup pdqdjhphqw
hqwdlov klulqj dqg vxshuylvlrq ri xqvnloohg zrunhuv zklfk ghpdqgv vnloo dqg
frvwo| h￿ruw rq wkh sduw ri wkh hpsor|hg whqdqw1 D whqdqw zkr zlvkhv wr
zrun iru wkh odqgorug lv hlwkhu kljk0vnloohg ru orz0vnloohg1 Krzhyhu/ dw wkh
ehjlqqlqj ri shulrg 4 zkhq wkh odqgorug ghflghv wr kluh d whqdqw/ vxfk vnloov
duh sulydwh lqirupdwlrq dqg wkh odqgorug kdv sulru eholhiv uhjduglqj wklv17
5Iru dq h{fhoohqw vxuyh| rq frqwudfwv zlwk hylfwlrq vhh Gxwwd/ Ud| dqg Vhqjxswd +4<;<,/
vhfwlrq 51
6Wkhuh lv qr h{rjhqrxv xqfhuwdlqw| lq rxu prgho1 D ulvn dyhuvh whqdqw lv gh￿qhg dv
wkh rqh zkr hydoxdwhv dq| rxwfrph e| xvlqj d frqfdyh xwlolw| ixqfwlrq1 Wkh dvvxpswlrq
wkdw wkh whqdqw lv pruh ulvn dyhuvh wkdq wkh odqgorug fdq eh dujxhg wr eh frqvlvwhqw zlwk
wkh iruphu ehlqj srruhu wkdq wkh odwwhu1
7Rqh pd| dujxh wkdw lq wkh vpdoo zruog ri d wudglwlrqdo yloodjh wkh odqgorug kdv d
idluo| lqirupdwlyh lghd derxw wkh vnloo ri hdfk whqdqw dqg wkhuhiruh wkhvh vnloov duh qrw
sulydwh lqirupdwlrq1 Zkloh wklv dujxphqw lv wr d fhuwdlq h{whqw ydolg/ lw grhv qrw fdswxuh
wkh zkroh slfwxuh1 Iluvw ri doo vnloov duh qrw ￿{hg exw wkh| fkdqjh ryhu wlph ghshqglqj
xsrq d whqdqw*v +xqrevhuyhg, lqyhvwphqwv lq kxpdq dqg sk|vlfdo fdslwdo1 Iru h{dpsoh/
wkh txdolw| ri d whqdqw*v wudfwru ru dqlpdo ghshqgv rq klv pdlqwhqdqfh h￿ruw/ zklfk lv wr
d juhdw h{whqw sulydwh lqirupdwlrq1 Dovr/ wkh lpsuryhphqw ri vnloov lv uhodwhg wr d whqdqw*v
frjqlwlyh delolw|/ l1h1/ krz kh hydoxdwhv klv h{shulhqfh dqg krz idvw kh ohduqv1 Vhfrqg wkhuh
pd| eh dq lq rz ri qhz whqdqwv lqwr wkh yloodjh zlwk frpsohwho| xqnqrzq vnloov1 Ilqdoo|/
wkh vnloo pd| dovr ghshqg rq wkh sv|fkrorjlfdo vwdwh ri wkh whqdqw1 Gxh wr xqrevhuyhg +wr
6Rxwsxw surgxfhg e| wkh whqdqw lv revhuyhg lq erwk shulrgv exw wkh ohyho ri
h￿ruw pd| qrw eh vr1 Li h￿ruw lv revhuydeoh/ dq dvvxpswlrq sodxvleoh xqghu
pdq| lqvwdqfhv/8 wuxh vnloov fdqqrw eh plvuhsuhvhqwhg1 Lq wkdw fdvh dw wkh
hqg ri shulrg 4/ wkh wuxh vnloov ehfrph frpprq nqrzohgjh1 Rwkhuzlvh/ wkdw
lv zkhq h￿ruw uhpdlqv xqrevhuyhg/ wkh whqdqw pd| plvuhsuhvhqw klv wuxh
vnloo lq shulrg 4 zklfk/ lq wkdw fdvh/ pd| uhpdlq xqnqrzq hyhq lq shulrg 51
Wkh odqgorug kdv wkh rswlrq ri r￿hulqj frqwudfwv iru rqh ru wzr shulrgv1
D rqh shulrg frqwudfw lv w|slfdoo| uhihuuhg wr dv d vkruw whup frqwudfw/ zkloh
d wzr shulrg frqwudfw lv d orqj whup rqh1 Zh frqfhqwudwh rq wkh lvvxh ri
vhsdudwlqj frqwudfwv e| zklfk wkh odqgorug zlvkhv wr vfuhhq ehwzhhq wkh wzr
w|shv ri whqdqwv e| r￿hulqj d phqx ri frqwudfwv ryhu wkh wzr shulrgv1 Dorqj
zlwk vxfk phqxv kh dovr vshfl￿hv wkh gxudwlrq ryhu zklfk wkh whqdqw lv hp0
sor|hg1 Lq rxu dqdo|vlv/ zh dvvxph wkdw rqfh d whqdqw vljqv d frqwudfw/ wkhuh
lv qr zd| kh fdq txlw wkh mre ehiruh wkh vshfl￿hg gxudwlrq lv whuplqdwhg1
Zh vkrz wkh iroorzlqj1
41 Lq wkh hyhqw wkh wuxh vnloo ri wkh whqdqw lv nqrzq wr wkh odqgorug iurp
wkh yhu| ehjlqqlqj/ wkh odqgorug lv lqgl￿huhqw ehwzhhq vkruw dqg orqj whup
frqwudfwv1 Ri frxuvh/ zlwk dq xqfhuwdlq ixwxuh/ wkh odqgorug zloo dozd|v
suhihu orqj whup frqwudfwv li wkh whqdqwv duh pruh ulvn dyhuvh1 Wkxv/ wkh
fkrlfh ehwzhhq gl￿huhqw gxudwlrqv zloo eh vroho| gulyhq e| phfkdqlvpv +dw
wkh glvsrvdo ri wkh odqgorug/ ru vrfldoo| hqirufhg lq wkh yloodjh, zklfk pd|
frqwuro wkh ghjuhh ri hqirufhdelolw| ri orqj whup frqwudfwv1 Krzhyhu/ wklv
surylghv rqo| dq h{rjhqrxv wkhru| iru wkh lvvxh dw kdqg1 Wkhuhiruh/ zh gr
qrw prgho ixwxuh xqfhuwdlqwlhv dv rxu jrdo lv wr vkrz wkdw wkh fkrlfh ehwzhhq
vkruw whup dqg orqj whup frqwudfwv pd| eh gulyhq hqgrjhqrxvo| vroho| e|
wkh odqgorug*v ghvluh wr vfuhhq ehwzhhq wkh gl￿huhqw w|shv ri whqdqwv dqg
wdnh dgydqwdjh ri wkh gxudwlrq ri frqwudfwv1
51 Zkhq wkh wuxh vnloo ri wkh whqdqw lv sulydwh lqirupdwlrq/ vkruw dqg orqj
whup frqwudfwv fr0h{lvw1 Lq sduwlfxodu/ lq dq| rswlpdo vhsdudwlqj vfkhph/
wkh odqgorug dozd|v r￿huv d orqj whup ￿{hg uhqw frqwudfw iru wkh kljk0vnloohg
whqdqw dqg d vkruw whup vkduhfursslqj frqwudfw iru wkh orz0vnloohg rqh1 Wklv
lv ehfdxvh/ lq dq| vhsdudwlqj htxloleulxp/ wkh kljk0vnloohg whqdqw hqmr|v d
wkh odqgorug, hyhqwv hyhq d kljk vnloohg whqdqw pd|/ lq d jlyhq shulrg ri wlph/ ￿ihho￿ olnh
zrunlqj dv d orz vnloohg rqh1 Wkhuhiruh/ zh eholhyh wkdw dw ohdvw sduw ri d whqdqw*v vnloo
dozd|v uhpdlqv xqnqrzq wr wkh odqgorug1
8H￿ruw fdq dovr eh wkrxjkw ri dv hlwkhu wkh qxpehu ri xqvnloohg oderuhuv wkdw wkh whqdqw
hpsor|v ru wkh krxuv ri zrun wkdw wkh whqdqw sxwv lq iduplqj/ zklfk duh wr d juhdw h{whqw
revhuydeoh wr wkh odqgorug zkr lv durxqg1
7srvlwlyh vxusoxv lq wkh ￿uvw shulrg/ exw d }hur vxusoxv lq wkh vhfrqg zkhq klv
wuxh w|sh lv uhyhdohg1 Vlqfh whqdqwv duh ulvn dyhuvh/ d ulvn qhxwudo odqgorug
fdq ehfrph ehwwhu r￿ e| r￿hulqj wkh kljk0vnloohg whqdqw d orqj whup frqwudfw
dqg vprrwklqj klv sd|r￿19 Krzhyhu/ lq grlqj vr/ wkh odqgorug pxvw eh
fduhixo wkdw wkh phqx ri frqwudfwv lv lqwhuwhpsrudoo| lqfhqwlyh frpsdwleoh1
Iru wklv uhdvrq/ wkh frqwudfw r￿huhg wr wkh orz0vnloohg whqdqw lv ri d vkruw
gxudwlrq1 Wklv suhyhqwv wkh kljk0vnloohg whqdqw iurp orfnlqj klpvhoi zlwk
wkh frqwudfwv r￿huhg wr wkh orz0vnloohg whqdqw/ zklfk kh suhihuv pruh1 Wkhvh
uhvxowv duh qrw d￿hfwhg zkhq wkh whqdqw fdq vwudwhjlfdoo| plvuhsuhvhqw klv
wuxh vnloo1 Wkh h{dfw whupv ri wkh frqwudfwv fkdqjh lq wkdw fdvh/ exw wkh
gxudwlrqv ri whqdqf| uhpdlq xqdowhuhg1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh irupdoo|
ghvfuleh wkh prgho dqg glvfxvv wkh ehqfkpdun fdvh zkhuh wkh wuxh w|sh ri
wkh whqdqw lv revhuydeoh1 Vhfwlrq 6 vwxglhv wkh vfuhhqlqj sureohp idfhg e|
wkh odqgorug zkhq wkh vnloo ri wkh whqdqw lv sulydwh lqirupdwlrq dqg h￿ruw
lv revhuydeoh1 Vhfwlrq 7 h{whqgv wklv wr wkh fdvh zkhuh h￿ruw fdqqrw eh
revhuyhg dqg wkhuhiruh/ plvuhsuhvhqwdwlrq ri wuxh vnloov lv srvvleoh1 Lq vhfwlrq
8 zh dgguhvv wkh lvvxh ri pruh wkdq wzr shulrgv dqg pruh wkdq wzr srvvleoh
w|shv1 Wkh sdshu frqfoxghv lq vhfwlrq 91
             
Frqvlghu d yloodjh zlwk rqh odqgorug dqg rqh whqdqw zkr rshudwh xqghu d wzr
shulrg krul}rq/ zkhuh hdfk shulrg lv ghqrwhg e| w @4 >51 Wkh odqgorug rzqv
d ihuwloh slhfh ri odqg zklfk fdq eh xvhg wr jurz d qrq0vwrudeoh irrgjudlq lq
hdfk shulrg1 Fxowlydwlrq uhtxluhv vnloo dqg h￿ruw1 Ohw t| ghqrwh wkh txdqwlw|
ri irrgjudlq surgxfhg lq shulrg w1 Iru vlpsolflw|/ zh dvvxph wkdw wkh sulfh
ri irrgjudlq lv wkh vdph lq erwk shulrgv dqg htxdo wr rqh1 Wkh odqgorug
qhhgv wr kluh wkh whqdqw wr fduu| rxw fursslqj1 Ohw ￿ ghqrwh wkh vnloo ri wkh
whqdqw/ ￿ 5i k>cj> zlwk 4 AkAcA3= Zh dvvxph wkdw wkh odqgorug fdqqrw
revhuyh ￿ dqg ohw ￿ ghqrwh wkh vxemhfwlyh suredelolw| +khog e| wkh odqgorug,
9Zlwk d ixoo| ghyhorshg ￿qdqfldo vhfwru rqh pd| dujxh wkdw wkh whqdqw fdq wudqvihu
zhdowk ehwzhhq shulrgv dqg wkhuhiruh wkh lqfrph vprrwklqj uroh ri d orqj whup frqwudfw
fdq eh uhsolfdwhg yld lqwhuwhpsrudo zhdowk wudqvihu phfkdqlvpv1 Krzhyhu dq dvvxpswlrq
ri wkh h{lvwhqfh ri dq h!flhqw ￿qdqfldo vhfwru lv idu ihwfkhg lq pdq| uxudo frppxqlwlhv1
Lq vxfk duhdv wkh rqo| dydlodeoh vdylqjv whfkqrorjlhv duh d, ohqglqj prqh| wr vrph rwkhu
djhqwv/ e, nhhslqj zhdowk lq kdqg/ dqg f, xvlqj wkh odqgorug dv wkh vrxufh ri ￿qdqfh
+lqwhuolqndjhv,1 Zkloh d, dqg e, duh ulvn|/ f, lqyroyhv xqqhfhvvdulo| pdq| wudqvdfwlrqv
dqg fhuwdlqo| pruh wkdw wkh phfkdqlvp ri lqfrph vprrwklqj wkurxjk wkh xvh ri orqj whup
frqwudfwv zh sursrvh1
8wkdw ￿ @ k1 Wkh surgxfwlrq ixqfwlrq iru irrgjudlq lv t| +h|>￿,@￿i +h|,/
zkhuh h| 5 Un lv wkh ohyho ri h￿ruw wkdw wkh whqdqw h{huwv lq shulrg w1Z h
dvvxph wkdw i￿ A 3 dqg i￿￿ ? 3= H￿ruw lv frvwo| dqg ohw f+h|>￿,@h| eh wkh
shulrg w frvw ri surgxfwlrq1: Vxssrvh t| lv revhuydeoh lq erwk shulrgv/ exw
wkh odqgorug pd| ru pd| qrw revhuyh h|1
Lq rughu wr kluh wkh whqdqw> wkh odqgorug r￿huv d frqwudfw1 Wkh frqwudfwv
zh vwxg| ehorqj wr wkh fodvv ri olqhdu frqwudfwv uhsuhvhqwhg e| d sdlu +￿|>￿|,>
zkhuh ￿| 5 ^3>4‘ lv wkh odqgorug*v vkduh ri wrwdo shulrg w rxwsxw dqg ￿| 5 U lv
d ￿{hg sd|phqw iurp wkh whqdqw wr wkh odqgorug lq shulrg w1; Wkh odqgorug
kdv wzr rswlrqv wr fkrrvh iurp1 Kh pd| zdqw wr kluh wkh whqdqw vhsdudwho|
iru hdfk shulrg1 Lq wkdw fdvh/ kh dqqrxqfhv +￿￿>￿￿, dw wkh ehjlqqlqj ri
shulrg 41 Zkhq shulrg 5 frphv/ kh dqqrxqfhv +￿2>￿2,1 Vxfk frqwudfwv zloo
eh uhihuuhg wr dv vkruw whup frqwudfwv1K hp d |d o v rz l v kw rk l u hw k hw h q d q w
+rqfh dqg iru doo, iru wzr shulrgv1 Lq wkdw fdvh/ kh dqqrxqfhv +￿|>￿|,|’￿c2
dw wkh ehjlqqlqj ri shulrg 41 Vxfk frqwudfwv zloo eh uhihuuhg wr dv orqj whup
frqwudfwv1 Zh dvvxph wkdw rqfh wkh whqdqw dffhswv d frqwudfw/ wkh whupv
ri wkh frqwudfw ehfrph elqglqj1 Wkxv/ li wkh whqdqw dffhswv d orqj whup
frqwudfw/ kh fdqqrw uxq dzd| xqwlo klv wzr0shulrg whup lv ryhu1 Zh ixuwkhu
dvvxph wkdw wkh odqgorug kdv doo wkh edujdlqlqj srzhu1 Rxu dqdo|vlv lv edvhg
rq wkh dvvxpswlrq wkdw wkhuh lv ixoo frpplwphqw dqg wkhuhiruh zh uxoh rxw







wkh frqwudfw xqghu zklfk wkh whqdqw ri vnloo ￿ zrunv
lq shulrg w1 Lq rughu wr vhsdudwh ehwzhhq wkh wzr srvvleoh w|shv ri wkh
whqdqw/ wkh odqgorug pd| qrw rqo| xvh gl￿huhqw vshfl￿fdwlrqv ri vkduhv dqg
uhqwv/ exw pd| dovr r￿hu gl￿huhqw gxudwlrqv li grlqj vr lv ehqh￿fldo iru klp1
Lq wklv vslulw/ ghqrwh e| +w￿ ￿ w￿, wkh vfhqdulr zkhuh wkh odqgorug ghvljqv
klv vhsdudwlqj vfkhph wr kluh wkh kljk0vnloohg whqdqw iru w￿ shulrgv dqg wkh
orz0vnloohg whqdqw iru w￿ shulrgv/ w￿ @4 >5 dqg w￿ @4 >5= Zh zloo uhihu wr vxfk
d vfhqdulr dv wkh +w￿ ￿ w￿, vfkhph1 Wkh irxu srvvleoh vfkhphv dydlodeoh wr
wkh odqgorug duh wkh +4 ￿ 4, vfkhph/ wkh +5 ￿ 4, vfkhph/ wkh +4 ￿ 5, vfkhph



























:Iru vlpsolflw|/ zh kdyh dvvxphg vxfk ixqfwlrqdo irupv ri wkh whfkqrorj| dqg wkh frvw1
Zrunlqj zlwk pruh jhqhudo ixqfwlrqv zloo qrw d￿hfw rxu uhvxowv txdolwdwlyho|1 Dovr/ rqh
pd| dvvxph e| wr ghqrwh wkh dprxqw ri xqvnloohg oderu zklfk fdq eh kluhg dw d ￿{hg shu
xqlw zdjh ri 41
;Zh gr qrw vwxg| zdjh ru rwkhu rxwsxw frqwudfwv1
9    
Wkh jdph sod|hg ehwzhhq wkh odqgorug dqg wkh whqdqw kdv wkh iroorzlqj
vwdjhv1
Vwdjh 41 Dw wkh ehjlqqlqj ri shulrg 4/ wkh odqgorug ghflghv xsrq zklfk
vfkhph ri frqwudfwv wr r￿hu1<
Vwdjh 51 Wkh whqdqw ghflghv zklfk gxudwlrq ri frqwudfwlqj wr zrun xqghu
jlyhq wkh odqgorug*v fkrlfh lq shulrg 41 Li kh uhmhfwv doo frqwudfwv r￿huhg/ qr
surgxfwlrq wdnhv sodfh lq shulrg 41 Li kh dffhswv d vkruw whup frqwudfw/ kh
fkrrvhv klv ohyho ri h￿ruw dqg surgxfwlrq wdnhv sodfh lq shulrg 41 Lq hlwkhu
ri wkhvh fdvhv/ zh pryh wr vwdjh 61 Rwkhuzlvh/ wkdw lv li kh dffhswv d orqj
whup frqwudfw/ wkh jdph hqgv1 Lq hdfk ri wkh wzr shulrgv/ kh fkrrvhv klv
ohyho ri h￿ruw dqg surgxfwlrq wdnhv sodfh1
Vwdjh 6= Zh hqwhu shulrg 5 zkhq wkh odqgorug r￿huv d +srvvleo| iuhvk,













Vwdjh 7= Wkh whqdqw ghflghv zkhwkhu wr uhmhfw erwk frqwudfwv rq r￿hu +lq
zklfk fdvh surgxfwlrq grhv qrw wdnh sodfh lq shulrg 5, ru wr dffhsw h{dfwo|
rqh ri wkhp iroorzhg e| klv fkrlfh ri h￿ruw dqg shulrg 5 surgxfwlrq1 Lq
hlwkhu fdvh/ wkh jdph hqgv1
Wkh sd|r￿v ri wkh sod|huv duh dv iroorzv1 Vxssrvh wkh whqdqw ehlqj ri























Zh dvvxph wkdw wkh whqdqw lv ulvn dyhuvh/ phdqlqj x￿ +￿, A 3 dqg x￿￿ +￿, ? 3=
Dovr/ zh dvvxph wkdw iru dq| ￿ 5 +3>4,/ wkhuh h{lwv d ohyho ri h￿ruw hW vxfk
wkdw +4 ￿ ￿,￿i +hW, ￿ hW A 31 Wkdw lv/ wkhuh h{lvwv dq rswlpdo ohyho ri h￿ruw
wkdw |lhogv d srvlwlyh sd|r￿ +ehiruh sd|lqj wkh uhqw, wr wkh whqdqw hyhq iru
d yhu| vpdoo exw srvlwlyh vkduh ri wkh rxwsxw1 Ixuwkhupruh/ ohw ￿A3 eh wkh
whqdqw*v vxevlvwhqfh sd|r￿ zklfk lv wkh plqlpxp kh pxvw uhfhlyh lq hdfk ri
wkh wzr shulrgv1
Wkh odqgorug lv ulvn qhxwudo1 Li kh r￿huv +￿￿>￿￿, dqg +￿2>￿2, xqghu
hlwkhu d vkruw ru d orqj whup frqwudfw wr wkh whqdqw zkr lv ri w|sh ￿/w k h























Zh orrn iru d shuihfw Ed|hvldq htxloleulxp ri wkh deryh jdph1 D vlplodu
prgho ri dv|pphwulf lqirupdwlrq lq d vwdwlf hqylurqphqw fdq eh irxqg lq
Kdoodjdq +4<:;,/ Pxwkrr +4<<;, dqg Ud| +4<<;/ ss 7:707:;,1 Wkh uhvw ri
wklv vhfwlrq lv ghyrwhg wr wkh fdvh zkhuh wkh vnloo ri wkh whqdqw lv nqrzq wr
wkh odqgorug1
   !
Frqvlghu wkh ehqfkpdun fdvh zkhuh wkh vnloo ri wkh whqdqw lv frpprq nqrzo0
hgjh ehwzhhq wkh whqdqw dqg wkh odqgorug1 Iru dq| jlyhq ￿> wkh odqgorug kdv
wkh rswlrq ri r￿hulqj vkruw whup ru orqj whup frqwudfwv1 Krzhyhu/ lw lv hdv|
wr vhh lq wklv fdvh wkdw wkh odqgorug lv lqgl￿huhqw ehwzhhq wkh wzr gxudwlrqv1










































































| lv wkh rswlpxp h￿ruw ohyho fkrvhq e| wkh whqdqw zlwk vnloo ￿1W | s 0
lfdoo|/ a hw







43Iru vlpsolflw| zh gr qrw glvfrxqw ixwxuh sd|r￿v1 Dq| frpprq vwulfwo| srvlwlyh glv0
frxqw idfwru zloo qrw d￿hfw rxu uhvxowv txdolwdwlyho|1
;Vlqfh wkh odqgorug nqrzv wklv dqg h{wudfwv doo wkh vxusoxv iurp wkh whq0






























￿ 4@3 = Xvlqj Ht1+8,>
wklv lq wxuq lpsolhv wkdw ￿w
| @3 / iru dq| ￿ dqg w1
Wklv lv d vwdqgdug uhvxow lq wkh olwhudwxuh rq whqdqf| frqwudfwv/ dqg lq
rxu hqylurqphqw kdv wkh lpsolfdwlrq wkdw lq wkh hyhqw wkh vnloo ri wkh whqdqw
lv nqrzq/ wkh odqgorug lv lqgl￿huhqw ehwzhhq klulqj klp iru d vkruw ru d orqj
shulrg ri wlph/ dqg lq erwk fdvhv r￿huv d ￿{hg uhqw frqwudfw lq hlwkhu shulrg1
Lq wkh iroorzlqj vhfwlrqv/ zh zloo vwxg| rswlpdo vfuhhqlqj frqwudfwv wkdw wkh
odqgorug zloo r￿hu xqghu ydulrxv lqirupdwlrqdo vwuxfwxuhv/ dqg frqfhqwudwh
rq wkh lvvxh ri krz wkh odqgorug fdq xvh wkh gxudwlrq ri vxfk frqwudfwv wr
klv rzq ehqh￿w1
" #$ $%% & &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Vr idu zh kdyh vwxglhg wkh fdvh zkhuh wkh odqgorug frxog lghqwli| wkh vnloo
ri wkh whqdqw kh zdv klulqj1 Lq wkdw fdvh/ wkh odqgorug lv lqgl￿huhqw ehwzhhq
d orqj whup dqg d vkruw whup frqwudfw1 Reylrxvo|/ wklv ehqfkpdun prgho
grhv qrw kdyh pxfk suhglfwlyh srzhu dv lw grhv qrw fohduo| mxvwli| rqh gx0
udwlrq ri frqwudfw ryhu dqrwkhu1 Lw lv hdv| wr vhh wkdw li zh kdg doorzhg
iru vrph xqfhuwdlqw| lq wkh shulrg 5 uhvhuydwlrq sd|r￿/ wkh odqgorug zrxog
kdyh suhihuuhg d orqj whup frqwudfw iru erwk w|shv ri whqdqwv1 Vxfk d uhvxow
lv lqwxlwlyho| fohdu dqg lq dq| fdvh grhv qrw mxvwli| fr0h{lvwhqfh ri gl￿huhqw
gxudwlrqv1
Lq wklv vhfwlrq zh dvvxph wkdw wkh wuxh vnloo ri wkh whqdqw lv qrw revhuyhg
e| wkh odqgorug dqg lv khog dv sulydwh lqirupdwlrq e| wkh whqdqw1 Ohw xv ehjlq
e| dqdo|}lqj wkh fdvh zkhuh rxwsxw dqg h￿ruw duh erwk revhuydeoh1 Lq vxfk
d vfhqdulr/ wkh whqdqw kdv qr lqfhqwlyh wr plvuhsuhvhqw klv wuxh vnloo dv zlwk
ixoo revhuydelolw| ri rxwsxw dqg h￿ruw wkh wuxh vnloo ri wkh whqdqw ehfrphv
frpprq nqrzohgjh dw wkh hqg ri shulrg 4 xqghu dq| flufxpvwdqfh1
<Wzr frqfhswv uhjduglqj wkh qrwlrq ri lqfhqwlyh frpsdwlelolw| phfkd0
qlvpv duh uhtxluhg1 Rqh lv wkh vwdqgdug shulrg0lqfhqwlyh frpsdwlelolw| frq0
vwudlqw +SLF, zklfk vwdwhv wkdw lq dq| jlyhq shulrg/ d whqdqw zhdno| suhihuv
wkh frqwudfw ghvljqhg iru klv w|sh ryhu wkh frqwudfw ghvljqhg iru wkh rwkhu
w|sh1 Wkh vhfrqg lv wkh lqwhuwhpsrudo0lqfhqwlyh frpsdwlelolw| frqvwudlqw
+LLF, zklfk vwdwhv wkdw d whqdqw zhdno| suhihuv wkh frqwudfwv ghvljqhg iru
klv w|sh ryhu wkh wzr shulrgv wr wkh frqwudfwv ghvljqhg iru wkh rwkhu w|sh1
Revhuyh wkdw zlwk rqo| vkruw whup frqwudfwv/ wkh wzr frqfhswv duh htxlyd0
ohqw1 Krzhyhu rqfh zh doorz iru wkh srvvlelolw| ri orqj whup frqwudfwv/ wklv
htxlydohqfh pd| qrw dozd|v krog dqg wkh uhohydqw frqvwudlqw lv wkh LLF1 Wkh
frqfhswv ri vhsdudwlrq dqg lqglylgxdo udwlrqdolw| duh gh￿qhg ehorz1
Gh￿qlwlrq 4 Lqwhuwhpsrudo Vhsdudwlrq +LV,
D +w￿ ￿ w￿, vfkhph vdwlv￿hv wkh surshuw| ri LV li lw vdwlv￿hv wkh surshuw|
ri LLF1
Gh￿qlwlrq 5 Lqglylgxdo Udwlrqdolw| +LU,
D +w￿ ￿ w￿, vfkhph vdwlv￿hv wkh surshuw| ri LU li wkh whqdqw uhfhlyhv dw
ohdvw x+￿, lq hdfk shulrg1
Lq wkh uhvw ri wkh vhfwlrq zh orrn iru dq rswlpdo lqglylgxdoo| udwlrqdo
+LU, vfkhph zklfk vdwlv￿hv lqwhuwhpsrudo vhsdudwlrq +LV,1
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Vxssrvh wkh odqgorug zdqwv wr r￿hu vkruw whup frqwudfwv wr erwk w|shv ri
whqdqwv dqg vhsdudwh wkhp1 Lq shulrg 5/ vlqfh wkh vnloo ri wkh whqdqw ehfrphv
frpprq nqrzohgjh/ kh nqrzv wkdw qr pdwwhu zkdw wkh wuxh vnloo lv/ wkh
frqwudfwv zloo hqwdlo ￿{hg uhqwv zklfk h{wudfw wkh hqwluh vxusoxv iurp erwk























/ dv ghslfwhg lq ￿jxuh +5,1
Frqvhtxhqwo|/ wkh whqdqw lv r￿huhg d vlqjoh frqwudfw lq shulrg 5/ lpso|lqj
wkdw wkh rqo| uhohydqw lqfhqwlyh frpsdwlelolw| frqvwudlqw lv wkh SLF lq shulrg
41 Jlyhq wklv/ wkh odqgorug vroyhv wkh iroorzlqj sureohp wr ghflgh xsrq klv



























































































































| , lv wkh h￿ruw fkrvhq e| wkh whqdqw ri vnloo ￿ zkloh zrunlqj
lq shulrg w xqghu wkh frqwudfw +￿w￿
| >￿w￿
| , ghvljqhg iru wkh whqdqw ri vnloo ￿￿=
Lq wkh deryh pd{lpl}dwlrq sureohp/ +l, dqg +ll, duh wkh LU frqvwudlqwv/
zkloh +lll, dqg +ly, duh wkh shulrg 4 SLF frqvwudlqwv ri wkh wzr w|shv ri
whqdqwv1 Wkh iroorzlqj ohppd hvwdeolvkhv vrph vwdqgdug surshuwlhv ri wkh
vfuhhqlqj hqylurqphqw vwxglhg144
Ohppd 6 Lq shulrg 4/ wkh iroorzlqj lv wuxh1
+l, Wkh vlqjoh0furvvlqj surshuw| lv vdwlv￿hg lq wkh +￿>￿, sodqh1
+ll, Wkh kljk0vnloohg whqdqw dozd|v hqmr|v d srvlwlyh vxusoxv> wkh orz0
vnloohg whqdqw dozd|v jhwv }hur vxusoxv1
+lll, Wkh kljk0vnloohg whqdqw jhwv d ￿{hg0uhqw frqwudfw1
+ly, Wkh shulrg0lqfhqwlyh frpsdwlelolw| frqvwudlqw ri wkh orz0vnloohg whq0
dqw lv qhyhu elqglqj/ zkloh wkdw ri wkh kljk0vnloohg whqdqw lv elqglqj1
+y, Wkh orz0vnloohg whqdqw jhwv d vkduh frqwudfw1
Surri1 +l, Jlyhq wkh sd|r￿ ixqfwlrq ri wkh whqdqw/ dorqj dq| lvr0sd|r￿









44Vhh Pdv Frooho hw do1 +4<<8,/ fk1 47/ dsshqgl{ E> dqg Ud| +4<<;,/ fk1 45/ dsshqgl{ 51
Zh surylgh wkh surri wr uhpdlq dv vhoi frqwdlqhg dv srvvleoh1 Lw lv zruwk phqwlrqlqj khuh
wkdw zh duh rqo| orrnlqj iru d vhsdudwlqj htxloleulxp1 Lq jhqhudo/ d srrolqj htxloleulxp
pd| ehdw wkh vhsdudwlqj lq whupv ri sur￿wv wr wkh odqgorug1 Krzhyhu/ wklv pd| qrw eh
wkh fdvh li vnloov duh idu dsduw dv lq wklv fdvh wkhuh duh fohdu ehqh￿wv iurp vhsdudwlqj wkh
wzr w|shv1 Frqvhtxhqwo|/ zh kdyh lpsolflwo| dvvxphg wkurxjkrxw wkh sdshu wkdw vnloov duh
vx!flhqwo| gl￿huhqw1
44Lw lv hdv| wr vhh wkdw iru dq| frqwudfw +￿￿>￿￿,> zh kdyh h￿
￿ +￿￿>￿￿, A
h￿






m￿ iru doo +￿￿>￿￿, 5 ^3>4‘ ￿ U=
Wklv suryhv sduw +l,=
+ll, Iurp wkh lqglylgxdo udwlrqdolw| dqg wkh shulrg0lqfhqwlyh frpsdwlelo0
lw| frqvwudlqwv ri wkh whqdqw/ dqg wkh idfw wkdw iru dq| jlyhq frqwudfw +￿>￿,>










































Wklv suryhv wkdw wkh kljk0vnloohg whqdqw dozd|v hqmr|v d srvlwlyh vxusoxv1













eh dq| wzr frqwudfwv vxfk wkdw frq0





























wkh idfw wkdw wkh kljk0vnloohg whqdqw hqmr|v d srvlwlyh vxusoxv/ wkhuh h{lvwv dq
%W A 3 vxfk wkdw wklv qhz sdlu ri frqwudfwv dovr vdwlvi| frqvwudlqwv +l,￿+ly,




















eh wkh frqwudfw r￿huhg wr wkh orz0vnloohg whqdqw1





r￿huhg wr wkh kljk0vnloohg whqdqw pxvw olh rq wkh olqh vhjphqw ^{>|,












Wr suryh wklv/ lw lv vx!flhqw wr revhuyh wkdw li wkh odqgorug idfhv rqo| wkh







eh {/ zklfk lv d ￿{hg0uhqw frqwudfw1
+ly, Wklv iroorzv wulyldoo| iurp sduw +lll,=
+y, Wklv iroorzv wulyldoo| iurp wkh vhsdudwlrq surshuw|45 ri wkh sureohp
dqg sduw +lll,=
45Qrwlfh wkdw jlyhq wkh sureohp dw kdqg/ dq| whqdqw zrunlqj xqghu d frqwudfw zlwk k
45                      β  
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h(α ,β ) > u(π ) 
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l(α ,β ) = u(π ) 
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Iljxuh 4=
D w|slfdo phqx ri frqwudfwv xqghu wkh +4 ￿ 4, vfkhph r￿huhg lq htxlole0
ulxp lv ghslfwhg lq ￿j1+5,=











lq shulrg 51 Vlploduo|/ wkh wzr vkruw













Dq lqwhuhvwlqj revhuydwlrq dw wklv vwdjh lv wkdw xqghu d +4 ￿ 4, vfkhph/
wkh sd|r￿ ri wkh orz0vnloohg whqdqw lv h{dfwo| htxdo wr x+￿,/ wkh uhvhuydwlrq
sd|r￿ lq erwk shulrgv1 Wklv lpsolhv wkdw dowkrxjk wkh orz0vnloohg whqdqw
uhpdlqv dv srru dv kh zdv zlwkrxw zrunlqj lq wklv idup/ klv sd|r￿ ryhu
wkh wzr shulrgv lv vprrwkhg1 Krzhyhu/ gxh wr wkh sureohp ri vhsdudwlrq/
yhu| forvh wr 4 zloo dovr fkrrvh dq h￿ruw ohyho yhu| forvh wr }hur1 Wklv zrxog lq wxuq lpso|
wkdw wrwdo rxwsxw surgxfhg zrxog eh qhjoljleoh/ dqg vr wkh odqgorug zloo uhfhlyh doprvw
qrwklqj lq uhwxuq iurp wkh whqdqw1 Krzhyhu/ wkh whqdqw zloo kdyh wr eh sdlg dw ohdvw klv
uhvhuydwlrq sd|r￿ ri 7 Z/ zklfk zrxog irufh wkh odqgorug wr sd| d yhu| kljk qhjdwlyh uhqw
+d qhjdwlyh q￿1 Fohduo| wkhuhiruh/ wkh sd|r￿ wr wkh odqgorug iurp klulqj dq| whqdqw xqghu
d frqwudfw zlwk k forvh wr rqh +zklfk lqfoxghv k ’￿ ￿ zloo eh qhjdwlyh1 Zk| zrxog d
odqgorug r￿hu vxfk d frqwudfw hyhq lq d vhsdudwlqj hqylurqphqw/ qr pdwwhu krz vpdoo lv
wkh suredelolw| ri wkh whqdqw wr kdyh orz vnloovB Kh fdq dozd|v gr ehwwhu e| r￿hulqj rqo|
d ￿{hg0uhqw frqwudfw wr wkh kljk0vnloohg whqdqw dqg h{foxgh wkh srvvlelolw| ri klulqj wkh
orz0vnloohg rqh1 Exw wklv ehfrphv d wulyldolw|/ dqg wkh rqo| lqwhuhvwlqj fdvh iru rxu sxusrvh
lv zkhq wkh odqgorug dfwxdoo| ￿qgv lw rswlpdo wr r￿hu wzr frqwudfwv wr vhsdudwh ehwzhhq
wkh wzr vnloov1
46 
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h(α ,β ) > u(π ) 
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Iljxuh 5= Htxloleulxq frqwudfwv ryhu wkh wzr shulrgv
dowkrxjk lq shulrg 4 wkh kljk0vnloohg whqdqw hqmr|v d srvlwlyh vxusoxv/ dqg
ihhov zhdowklhu/ klv sd|r￿ gursv wr klv uhvhuydwlrq sd|r￿ lq shulrg 51 Frqvh0
txhqwo|/ wkh kljk0vnloohg whqdqw h{shulhqfhv yduldwlrqv lq klv sd|r￿v ryhu wkh
wzr shulrgv1 Wklv revhuydwlrq zloo wxuq rxw wr eh fhqwudo lq zkdw iroorzv1
"    
Frqvlghu qrz wkh fdvh zkhuh wkh odqgorug r￿huv d orqj whup frqwudfw wr wkh
kljk0vnloohg whqdqw dqg d vkruw whup frqwudfw wr wkh orz0vnloohg rqh1 Vlqfh
r￿hulqj d vkruw whup frqwudfw/ dv lq wkh fdvh xqghu d +4 ￿4, vfkhph/ lpsolhv
yduldwlrqv lq wkh sd|r￿v ri wkh kljk0vnloohg whqdqw ryhu wkh wzr shulrgv/ wkh
odqgorug pd| wdnh dgydqwdjh ri wklv e| vprrwklqj wkh kljk0vnloohg whqdqw*v
sd|r￿1 E| grlqj wklv/ wkh kljk0vnloohg whqdqw fdq eh pdgh zhdno| ehwwhu
r￿/ zkloh wkh odqgorug lv deoh wr h{wudfw d kljkhu vxusoxv iurp klp ryhu wkh
wzr shulrgv1 Krzhyhu/ wklv pd| ohdg wr dgglwlrqdo LLF sureohpv zklfk zhuh





































































































































Vlqfh xqghu d +5 ￿ 4, vfkhph wkh odqgorug r￿huv d vkruw whup frqwudfw iru wkh
orz vnloohg whqdqw/ li wkh kljk vnloohg rqh dffhswv wklv vkruw whup frqwudfw/





lq shulrg 51 Rq wkh rwkhu kdqg/ li wkh orz vnloohg whqdqw fkrrvhv
wr zrun xqghu wkh frqwudfw r￿huhg iru wkh kljk vnloohg rqh/ kh lq wxuq orfnv






Lq wkh iroorzlqj sursrvlwlrq/ zh vkrz wkdw wkh rswlpdo frqwudfwv xqghu d
+5 ￿ 4, vfkhph |lhog vwulfwo| kljkhu sd|r￿v wr wkh odqgorug wkdq wkrvh xqghu
d +4 ￿ 4, vfkhph1
Sursrvlwlrq 7 Lq dq| rswlpdo vhsdudwlqj vfhqdulr/ wkh odqgorug vwulfwo|
suhihuv wkh +5 ￿ 4, vfkhph wr wkh +4 ￿ 4, vfkhph1
Surri1 Wkh surri lv e| frqvwuxfwlrq1 Wdnh wkh rswlpdo phqx ri frqwudfwv









































































































Vlqfh x+￿, lv vwulfwo| frqfdyh/ zh kdyh 5￿￿ A￿ ￿
￿ . ￿￿
2> dqg wkhuhiruh wkh
odqgorug*v sd|r￿v duh vwulfwo| juhdwhu xqghu wkh frqwudfwv lq d +5 ￿ 4, vfkhph1
48Zkdw uhpdlqv wr eh vkrzq lv wkdw wkh frqvwuxfwhg frqwudfwv xqghu d +5 ￿ 4,












|lhog d sd|r￿ ri x+￿, lq hdfk shulrg




lq hdfk shulrg wr wkh kljk0vnloohg whqdqw1 LLF iru wkh orz0vnloohg whqdqw
lv hvwdeolvkhg e| revhuylqj wkdw d ghyldwlrq lq shulrg 4 wr wkh frqwudfw ￿
3>￿￿￿
|lhogv d sd|r￿ ohvv wkdq x+￿,> zklfk e| gh￿qlwlrq lv vxevlvwhqfh/
dqg wkhuhiruh vxfk d ghyldwlrq ehfrphv lpsrvvleoh1 Wr vkrz wkdw wkh LLF
frqvwudlqw ri wkh kljk0vnloohg whqdqw lv vdwlv￿hg/ zh surfhhg dv iroorzv1 Wkh


































































































pdnlqj dq| vxfk ghyldwlrq rq sduw ri wkh kljk0vnloohg whqdqw xqsur￿wdeoh
iru klp1
Wkh odqgorug lv vwulfwo| ehwwhu r￿ e| vprrwklqj wkh sd|r￿v ri wkh kljk0
vnloohg whqdqw ryhu wkh wzr shulrgv1 Pruhryhu/ wkh lqfhqwlyh vwuxfwxuh ri
wkh +5 ￿ 4, vfkhph lv htxlydohqw wr wkdw ri wkh +4 ￿ 4, vfkhph1 Wkhuhiruh/
wkh odqgorug vwulfwo| suhihuv wkh +5 ￿ 4, vfkhph wr wkh +4 ￿ 4, vfkhph1 Lq
wkh iroorzlqj vhfwlrq/ zh zloo vkrz wkdw r￿hulqj d orqj whup frqwudfw wr wkh
kljk0vnloohg whqdqw wr wdnh dgydqwdjh ri wkh vwulfw frqfdylw| ri wkh whqdqw*v
sd|r￿ ixqfwlrq ehfrphv ohvv dwwudfwlyh iru wkh odqgorug li wkh orz0vnloohg
whqdqw zrunv iru d orqj whup frqwudfw dv zhoo1
Uhpdun 41 Wkh frqvwuxfwhg phqx ri frqwudfwv r￿huhg xqghu wkh +5 ￿ 4,
vfkhph lq wkh deryh surri pd| qrw eh wkh ehvw rqh dprqj wkh srvvleoh
phqxv xqghu wkdw vfkhph1 Doo zh vkrz lq wkh deryh sursrvlwlrq lv wkdw lw
ehdwv wkh ehvw +4 ￿ 4, vfkhph1 Qrwlfh wkdw rqh fdq dovr frqvwuxfw d phqx
frqvlvwlqj ri rqo| ￿{hg uhqw frqwudfwv zklfk vdwlvi| LV xqghu wkh +5 ￿ 4,
vfkhph1 Krzhyhu/ li vnloov duh idu dsduw/ ^vhh irrwqrwh 43‘/ wkh ehvw +5 ￿ 4,
49vfkhph zloo eh d phqx ri frqwudfwv lqyroylqj d ￿{hg uhqw orqj whup frqwudfw
dqg d vhtxhqfh ri vkruw whup frqwudfwv/ wkh ￿uvw ehlqj d vkduh frqwudfw zkloh
wkh vhfrqg ehlqj d ￿{hg uhqw1
""    
Frqvlghu wkh vlwxdwlrq zkhuh wkh odqgorug zlvkhv wr r￿hu vhsdudwlqj frq0
wudfwv dqg kluh erwk w|shv ri whqdqwv iru wzr shulrgv1 D +5 ￿ 5, vfkhph





































































































































Qrwlfh wkdw wkh rqo| gl￿huhqfh lq wkh LLF frqvwudlqwv ehwzhhq wkh +5 ￿ 4,
dqg wkh +5 ￿ 5, vfkhphv lv lq wkh vhfrqg whup ri wkh U1K1V1 lq wkh ￿uvw
lqhtxdolw|1 Wklv dulvhv rxw ri wkh idfw wkdw qrz li wkh kljk vnloohg whqdqw
fkrrvhv wr zrun xqghu wkh frqwudfw r￿huhg iru wkh orz vnloohg rqh/ kh lq







1 Zh ￿uvw suryh wkh iroorzlqj ohppd zklfk vwdwhv wkdw
wkhuh h{lvwv phqxv ri frqwudfwv zklfk vdwlvi| LU dqg LLF xqghu wkh +5 ￿ 5,
vfkhph1 Wklv ohppd dovr jxdudqwhhv wkh h{lvwhqfh ri dq rswlpdo phqx ri
frqwudfwv xqghu wkh +5 ￿ 5, vfkhph zklfk vdwlv￿hv wkh LV surshuw|1
Ohppd 8 Frqvlghu wkh fdvh zkhuh wkh odqgorug r￿huv frqwudfwv xqghu wkh
+5 ￿ 5, vfkhph1 Wkhq wkhuh h{lvwv d phqx ri frqwudfwv zklfk vdwlv￿hv LU
dqg LLF1
Surri1 Frqvlghu ￿j1 +6,1
Fkrrvh vrph %￿/ %2 A 3 dqg frqvwuxfw wkh phqx ri LU frqwudfwv xqghu
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> c>4 ￿ %2>￿￿
￿+%2,
￿
@ x+￿, iru doo %2 ￿ 31
Lq zkdw iroorzv zh vxssuhvv wklv ghshqghqfh ri ￿￿
￿ rq %21 Fohduo| e| frqvwuxf0
wlrq/ wkh orz vnloohg whqdqw dozd|v fkrrvhv wkh vhfrqg orqj whup duudqjh0
phqw1 Li wkh kljk vnloohg whqdqw lv lqgl￿huhqw ehwzhhq wkh wzr orqj whup
frqwudfwv/ zh duh grqh1 Vr/ vxssrvh wkdw wkh kljk vnloohg whqdqw vwulfwo|


































































































Sdvvlqj wr wkh dujxphqwv zlwk frqwlqxlw|/ wkhuh h{lvw %W
￿/ %W
2 A 3 vxfk wkdw
iru doo %￿ 5 ^3>% W
￿‘ dqg %2 5 ^3>% W














































Wkxv wkh vhw ri frqvwuxfwhg frqwudfwv iP+%￿>% 2,m%￿ 5 ^3>% W
￿‘dqg %2 5 ^3>% W
2‘j
vdwlv￿hv LLF dv zhoo1
Uhpdun 51 Qrwlfh wkdw wkh ehvw phqx ri frqwudfwv xqghu wkh +5 ￿ 5,
vfkhph pxvw vdwlvi| wkh surshuw| wkdw wkh orqj whup frqwudfw lv d ￿{hg
uhqw rqh zkloh wkh shulrg 4 vkruw whup frqwudfw lv vkduhfursslqj1 Xqghu d
+5 ￿ 5, vfkhph/ xqolnh wkh +5 ￿4, vfkhph/ sxuh ￿{hg uhqw phqxv zloo qhyhu
eh vhsdudwlqj dv wkh kljk vnloohg whqdqw zloo dozd|v suhihu wkh orzhu ￿{hg
uhqw duudqjhphqw gxh wr wkh srvvlelolw| ri orfnlqj klpvhoi xs iru wzr shulrgv
zlwk wklv orz uhqw/ zklfk zdv fohduo| qrw srvvleoh xqghu wkh +5 ￿ 4, vfkhph1
Lq wkh iroorzlqj sursrvlwlrq/ zh vkrz wkdw wkh odqgorug zrxog dozd|v eh
vwulfwo| ehwwhu r￿ xqghu d +5 ￿ 4, vfkhph wkdq xqghu d +5 ￿ 5, vfkhph1
Sursrvlwlrq 9 Lq dq| rswlpdo vhsdudwlqj vfhqdulr/ wkh odqgorug vwulfwo|
suhihuv wkh +5 ￿ 4, vfkhph wr wkh +5 ￿ 5, vfkhph1
Surri1 Ohppd 8 suryhg wkdw wkh vhw ri vhsdudwlqj frqwudfwv xqghu d
+5 ￿ 5, vfkhph lv qrq0hpsw|1 Wdnh dq rswlpdo frqwudfw xqghu wkdw vfkhph1
Zh zloo suryh wkdw wkh odqgorug ehfrphv ehwwhu r￿ e| r￿hulqj wkh vdph
frqwudfw zlwk wkh prgl￿fdwlrq wkdw wkh frqwudfw r￿huhg iru wkh orz w|sh
lv qrw orqj whup exw udwkhu d vhtxhqfh ri vkruw whup frqwudfwv1 Wklv lv
dfwxdoo| d +5 ￿ 4, vfkhph1 Wkh odqgorug xqghu wklv vfkhph kdv wr iruhjr
d orzhu lqirupdwlrq uhqw wr vhsdudwh wkh wzr w|shv wkdq xqghu wkh +5 ￿ 5,
vfkhph zkhuh d ghyldwlrq lv pruh sur￿wdeoh iru wkh kljk w|sh vlqfh hyhq
wkrxjk klv wuxh vnloo lv uhyhdohg e| wkh hqg ri shulrg 4/ kh lv hqwlwohg wr sd|
wkh orz uhqw ￿,
2 +dv vkrzq lq ￿j1+5,, wkdw wkh orz0vnloohg whqdqw zrxog sd|/
4<vlqfh kh dffhswhg d orqj whup frqwudfw1 Ilqdoo|/ lw lv hdv| wr vhh wkdw wkhuh
lv qr h{wud frvw dvvrfldwhg zlwk wkh +5 ￿4, vfkhph zh sursrvhg1
Wkh LLF frqvwudlqw iru wkh kljk0vnloohg whqdqw lv pruh elqglqj zkhqhyhu
kh kdv wkh rswlrq ri w|lqj klpvhoi xs lqwr d orqj whup frqwudfw ghvljqhg
iru wkh orz0vnloohg whqdqw1 Ixuwkhupruh/ d orqj whup frqwudfw r￿huhg wr wkh
orz0vnloohg whqdqw surylghv qr dgglwlrqdo ehqh￿w wr wkh odqgorug1 Wkhuhiruh/
lqvwhdg ri iruhjrlqj d kljkhu lqirupdwlrq uhqw wr vhsdudwh wkh wzr w|shv ri
whqdqwv/ wkh odqgorug fdq holplqdwh wkh dydlodeoh ￿w|lqj0xs￿ rswlrq zklfk
lv suhihuuhg e| wkh kljk0vnloohg whqdqw/ e| vlpso| r￿hulqj d vkruw whup frq0
wudfw wr wkh orz0vnloohg whqdqw146 Kdylqj hvwdeolvkhg wklv lqwxlwlrq/ wkh qh{w
sursrvlwlrq iroorzv lpphgldwho|1
"(    
Vxssrvh qrz wkdw wkh odqgorug zlvkhv wr vfuhhq ehwzhhq wkh wzr w|shv ri
whqdqwv e| r￿hulqj d vkruw whup frqwudfw iru wkh kljk0vnloohg whqdqw dqg
d orqj whup frqwudfw iru wkh orz0vnloohg rqh1 Wkh LLF frqvwudlqwv lq wklv
fdvh duh vlplodu wr wkh rqhv xqghu wkh +5 ￿ 4, vfkhph zlwk uhyhuvlqj urohv
ri wkh w|shv ri wkh whqdqw1 Qrwlfh wkdw e| r￿hulqj d orqj whup frqwudfw
wr wkh orz0vnloohg whqdqw/ wkh odqgorug lv qrw deoh wr uhds dq| jdlq/ dv lq
dq| hyhqw/ wkh sd|r￿v ri wkh orz0vnloohg whqdqw duh vprrwkhg ryhu wkh wzr
shulrgv dqg htxdo h{dfwo| wr klv shulrg uhvhuydwlrq sd|r￿1 Pruhryhu/ wkh
+4 ￿ 5, vfkhph kdv wkh vdph lqfhqwlyh sureohpv dv lq wkh +5 ￿ 5, vfkhph
phqwlrqhg lq vxevhfwlrq 6161 Khqfh/ d +4￿4, vfkhph grplqdwhv wkh +4￿5,
vfkhph1 Wkh iroorzlqj sursrvlwlrq vwdwhv wklv idfw/ d surri ri zklfk lv qrw
uhtxluhg1
Sursrvlwlrq : Lq dq| rswlpdo vhsdudwlqj vfhqdulr/ wkh odqgorug suhihuv wkh
+4 ￿ 4, vfkhph wr wkh +4 ￿ 5, vfkhph1
Wklv hqgv rxu vwxg| ri gl￿huhqw vfkhphv ri frqwudfwv wkdw wkh odqgorug
pd| zlvk wr r￿hu lq rughu wr vhsdudwh ehwzhhq wkh wzr srvvleoh w|shv ri whq0
dqwv zkhq h￿ruw lv revhuydeoh1 Zh vxppdul}h rxu ￿qglqjv lq wkh iroorzlqj
wkhruhp1
46Sursrvlwlrq 9 krogv hyhq zkhq wkh whqdqw lv ulvn qhxwudo1
53Wkhruhp ; Vxssrvh rxwsxw dqg h￿ruw duh shuihfwo| revhuydeoh e| wkh odqg0
orug1 Wkhq/ lq dq| vhsdudwlqj vfhqdulr/ dw wkh ehjlqqlqj ri shulrg 4/ wkh
odqgorug r￿huv d orqj whup ￿{hg uhqw frqwudfw dqg d vkruw whup vkduh frq0
wudfw1 Wkh kljk vnloohg whqdqw fkrrvhv wr zrun xqghu wkh orqj whup frqwudfw
zkloh wkh orz vnloohg whqdqw zrunv xqghu wkh vkruw whup rqh1
( #$ $%%  &&% '
Lq wkh prgho zh vwxg|/ wkh vnloo ri wkh whqdqw lv qrw revhuydeoh lq shulrg
41 Wkh odqgorug jhwv wr nqrz wkh wuxh vnloo ri wkh whqdqw rqo| dw wkh hqg ri
shulrg 4 e| revhuylqj wkh rxwsxw surgxfhg dqg wkh h￿ruw h{huwhg wkhuhlq1
Krzhyhu/ lq pdq| lqvwdqfhv/ devhqwhh odqgoruglvp ehlqj d frpprq rqh/
lw pd| eh wkh fdvh wkdw prqlwrulqj wkh dfwxdo ohyho ri h￿ruw ehfrphv sur0
klelwlyho| frvwo| iru wkh odqgorug1 Lq doo vxfk vlwxdwlrqv/ wkh whqdqw pd|
vwudwhjlfdoo| surgxfh vxerswlpdoo| +jlyhq klv wuxh vnloov, lq shulrg 4 wr plv0
lqirup wkh odqgorug derxw klv wuxh vnloov/ li grlqj vr lv ehqh￿fldo iru klp1
Vlqfh h￿ruw lv qrw revhuydeoh/ vxfk d plvuhsuhvhqwdwlrq lv ihdvleoh1 Iru h{0
dpsoh/ wkh orz0vnloohg whqdqw pd| fkrrvh wr sxw lq pruh h￿ruw lq rughu wr
hqvxuh dq rxwsxw zklfk rqo| wkh kljk0vnloohg whqdqw zrxog rswlpdoo| sur0
gxfh1 Vlploduo|/ wkh kljk0vnloohg whqdqw pd| fkrrvh wr uhgxfh klv h￿ruw wr
surgxfh zkdw rqo| wkh orz0vnloohg whqdqw zrxog rswlpdoo| surgxfh1 Vlqfh
wkh odqgorug grhv qrw kdyh wkh wlph dqg uhvrxufhv wr prqlwru h￿ruw/ wkh frq0
wudfwv vwxglhg lq vhfwlrq 6 pd| wkhuhiruh qrw eh lqwhuwhpsrudoo| vhsdudwlqj
li vxfk plvuhsuhvhqwdwlrqv duh doorzhg iru1
Vlqfh wkh odqgorug lv qrz dzduh ri wkh idfw wkdw wkh whqdqw pd| ru pd|
qrw plvuhsuhvhqw klv wuxh vnloo/ klv vhsdudwlqj vfkhph pxvw qrz vdwlvi| LLF




















































































































lv wkh h￿ruw fkrvhq e| wkh whqdqw ri vnloo ￿ zkloh
zrunlqj lq shulrg w xqghu wkh frqwudfw +￿w￿
| >￿w￿
| , ghvljqhg iru wkh whqdqw ri
vnloo ￿￿ zkhq plvuhsuhvhqwdwlrq lv ihdvleoh1 Wkh ￿uvw lqhtxdolw| lpsolhv wkdw
wkh kljk vnloohg whqdqw lv zhdno| ehwwhu r￿ e| zrunlqj xqghu wkh frqwudfwv
ghvljqhg iru klp wkdq zrunlqj xqghu wkh shulrg 4 frqwudfw ghvljqhg iru wkh
orz vnloohg whqdqw/ plvuhsuhvhqwlqj lq shulrg 4/ dqg wkhq zrunlqj lq shulrg
5 xqghu wkh frqwudfw ghvljqhg iru wkh orz vnloohg whqdqw dqg zrunlqj dffrug0
lqj wr klv wuxh vnloov1 Fohduo|/ qr w|sh ri djhqw zrxog olnh wr plvuhsuhvhqw lq
shulrg 5/ dv plvuhsuhvhqwdwlrq lv frvwo| lq dq| shulrg exw kdv qr dgglwlrqdo
ehqh￿w lq shulrg 51 Vlplodu frqglwlrqv duh uhsuhvhqwhg lq wkh vhfrqg lqhtxdo0
lw| iru wkh orz vnloohg whqdqw1 Qrwlfh wkdw wkh LU frqglwlrqv zloo uhpdlq dv
lq vhfwlrq 61 Wkh iroorzlqj ohppd zloo eh hvvhqwldo iru wkhruhp 431 Lw vkrzv
wkdw xqghu d +4 ￿ 4, vfkhph/ wkhuh h{lvwv d phqx ri frqwudfwv ryhu wkh wzr
shulrgv vxfk wkdw LU dqg LLFP duh vdwlv￿hg1
Ohppd < Frqvlghu wkh fdvh zkhuh wkh odqgorug r￿huv frqwudfwv xqghu wkh
+4 ￿ 4, vfkhph1 Wkhq/ wkhuh h{lvwv d phqx ri frqwudfwv zklfk vdwlv￿hv LU
dqg LLFP1
Surri1 Frqvlghu ￿j +7,1
































duh wkh wzr frqvhfxwlyh










duh wkh wzr frqvhfxwlyh vkruw whup frqwudfwv ghvljqhg iru wkh
orz vnloohg whqdqw1 Dovr/ ￿￿














> c>4 ￿ %2>￿￿
￿+%2,
￿
@ x+￿, iru doo %2 ￿ 31
Lq zkdw iroorzv zh vxssuhvv wklv ghshqghqfh ri ￿￿
￿ rq %21 Qrwlfh wkdw plv0
uhsuhvhqwdwlrq ri wkh wuxh vnloov fdq rqo| kxuw wkh orz vnloohg whqdqw lq hdfk
shulrg1 Ixuwkhupruh dv phqwlrqhg ehiruh/ qr w|sh ri whqdqw zloo plvuhsuh0
vhqw lq shulrg 51 Jlyhq wklv/ wkh rqo| fdvh ri srvvleoh plvuhsuhvhqwdwlrq lv
iurp wkh kljk vnloohg whqdqw lq shulrg 41 Vr vxssrvh wkh kljk vnloohg whqdqw













￿, lq shulrg 4 dqg
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lq shulrg 51 Qrz/ wkh frqvwuxfwhg phqx ri frq0
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56E| frqwlqxlw| ri Ht1+;, lq %￿ dqg %2/ wkhuh h{lvwv dq %W
￿ dqg %W
2 A 3 vxfk
wkdw iru doo %￿ ?% W
2 dqg %2 ?% W
2/ wkh lqhtxdolw| dv lq Ht1+;, ehfrphv vwulfw1
Wklv lpsolhv wkdw wkh vhw ri phqxv iP+%￿>% 2,m%￿ 5 ^3>% W
￿‘ dqg %2 5 ^3>% W
2‘j
vdwlvi| LLFP1
Wkh deryh ohppd dvvhuwv wkdw wkh vhw ri vhsdudwlqj +4 ￿ 4, frqwudfwv lv
qrq0hpsw|1 Wklv idfw lv xvhg lq wkh qh{w wkhruhp zkhuh zh frpsduh djdlq
wkh irxu vfkhphv xqghu wkh dvvxpswlrq wkdw h￿ruw lv qrw revhuydeoh1 Lq
wkh iroorzlqj wkhruhp/ zh vkrz wkdw hyhq zkhq wkh odqgorug kdv wr wdnh
dgglwlrqdo fduh uhjduglqj wklv srvvlelolw| ri plvuhsuhvhqwdwlrq/ wkhruhp ;
zloo krog/ dw ohdvw txdolwdwlyho|1 Wkdw lv/ dowkrxjk wkh h{dfw frqwudfwv r￿huhg
pd| fkdqjh/ wkh odqgorug*v suhihuhqfh ryhu wkhlu gxudwlrqv zloo qrw1
Wkhruhp 43 Vxssrvh rxwsxw lv revhuydeoh exw qrw wkh h￿ruw1 Wkhq/ lq dq|
rswlpdo vhsdudwlqj vfhqdulr/ dw wkh ehjlqqlqj ri shulrg 4/ wkh odqgorug r￿huv
d orqj whup ￿{hg uhqw frqwudfw dqg d vkruw whup vkduh frqwudfw1 Wkh kljk
vnloohg whqdqw fkrrvhv wr zrun xqghu wkh orqj whup frqwudfw zkloh wkh orz
vnloohg whqdqw zrunv xqghu wkh vkruw whup rqh1
Surri1 Vxssrvh lw lv frpprq nqrzohgjh wkdw wkh whqdqw fdq plvuhsuh0
vhqw klv wuxh vnloov1 Qrwlfh wkdw wkh orz0vnloohg whqdqw grhv qrw plvuhsuhvhqw
lq dq| shulrg1 Wr vhh wklv/ revhuyh wkdw lq dq| vhsdudwlqj vfkhph/ wkh
orz0vnloohg whqdqw jhwv d }hur vxusoxv47 dqg e| gh￿qlwlrq/ plvuhsuhvhqwdwlrq
lv frvwo| gxh wr wkh vxerswlpdolw| ri dowhulqj wkh rswlpdo h￿ruw ohyho1 Dv
phqwlrqhg lq ohppd ;/ l, wkh kljk0vnloohg whqdqw pd| kdyh lqfhqwlyhv wr
plvuhsuhvhqw klv wuxh vnloov dqg ll, qr whqdqw kdv dq| lqfhqwlyh wr plvuhs0
uhvhqw klv wuxh vnloov lq shulrg 5 dv plvuhsuhvhqwdwlrq lv dozd|v frvwo| dqg
|lhogv qr h{wud ehqh￿w lq wkh whuplqdo shulrg1
Zh surfhhg dv iroorzv1
Vwhs 41 Zh ehjlq e| frpsdulqj wkh +4 ￿ 4, vfkhph zlwk wkh +5 ￿ 4,





























E| ohppd 6 lw iroorzv wkdw a ￿￿
￿ @a ￿￿
2 @3 / a ￿￿
￿ 5 +3>4, dqg a ￿￿
2 @3 1
Vxssrvh wkh odqgorug r￿huv wkh vdph frqwudfwv xqghu d +5 ￿ 4, vfkhph








47Wkh surri ri wklv lv vlplodu wr wkdw ri ohppd 4/ sduw E￿￿￿1



























































Gh￿qh J+4 ￿ 4, dqg J+5 ￿ 4, wr eh wkh kljk0vnloohg whqdqw*v jdlqv iurp
ghyldwlrq dqg plvuhsuhvhqwdwlrq xqghu wkh +4 ￿ 4, dqg wkh +5 ￿ 4, vfkhphv
uhvshfwlyho|1 Wkhq/















































































































Wkh ￿uvw wzr whupv rq wkh U1K1V1 ri wkh deryh wzr htxdwlrqv ghqrwh wkh
sd|r￿ wr wkh kljk0vnloohg whqdqw zrunlqj xqghu wkh frqwudfwv ghvljqhg iru
wkh orz0vnloohg whqdqw zkhq kh plvuhsuhvhqwv/ zkloh wkh uhpdlqlqj whupv
ghqrwh wkh sd|r￿ wr wkh kljk0vnloohg whqdqw zrunlqj +dffruglqj wr klv wuxh
vnloo, xqghu wkh frqwudfwv ghvljqhg iru klv w|sh1 Fohduo|/ e| frqvwuxfwlrq/
lq htxloleulxp zh kdyh J+4 ￿ 4, @ J+5 ￿ 4, ￿ 3= Wkxv/ dq rswlpdo +4 ￿ 4,
frqwudfw lv dovr LV xqghu wkh +5 ￿ 4, vfkhph1 Wkxv/ e| Ht1+<, dqg wkh idfw
wkdw x+￿, lv vwulfwo| frqfdyh/ 5￿￿ A￿ ￿
￿ . ￿￿
2> dqg wkh odqgorug suhihuv wkh
frqvwuxfwhg +5 ￿ 4, vfkhph wr wkh rswlpdo +4 ￿ 4, vfkhph1 Wkh ehvw +5 ￿ 4,
vfkhph wkhuhiruh fohduo| |lhogv d vwulfwo| juhdwhu sd|r￿ wr wkh odqgorug wkdq
wkh rswlpdo +4 ￿ 4, vfkhph1 Wklv vkrzv wkdw wkh odqgorug vwulfwo| suhihuv
wkh +5 ￿ 4, vfkhph wr wkh +4 ￿4, vfkhph ^Uhpdun 4 dssolhv khuh dv zhoo‘1
Vwhs 51 Iluvwo|/ h{lvwhqfh ri d phqx ri frqwudfwv xqghu wkh +5 ￿ 5, vfkhph
vdwlvi|lqj wkh LV surshuw| lv hdv| wr vkrz e| lqyrnlqj ohppd 8 ^uhpdun 5
dssolhv khuh dv zhoo‘1 Wklv fdq eh vhhq hdvlo| vlqfh lq dq| +5 ￿ 5, vfkhph
zkhwkhu h￿ruw lv revhuydeoh ru qrw wkh whqdqw zloo qrw plvuhsuhvhqw1 Lw lv
dovr hdv| wr vhh wkdw wkh odqgorug vwulfwo| suhihuv wkh +5 ￿ 4, vfkhph wr wkh
+5 ￿ 5, vfkhph dv zhoo1 Wkh dujxphqw lv vlplodu wr wkh surri ri sursrvlwlrq
9 dqg wkhuhiruh zh rplw lw khuh1
58Vwhs 61 Ilqdoo|/ wkh odqgorug vwulfwo| suhihuv wkh +4 ￿ 4, vfkhph wr wkh
+4 ￿ 5, vfkhph1 Wkh dujxphqw lv h{dfwo| wkh vdph dv lq wkh frpsdulvrq
ehwzhhq wkh +5 ￿ 4, vfkhph dqg wkh +5 ￿ 5, vfkhph1
Iurp Vwhsv 406/ lw wkhq iroorzv wkdw wkh odqgorug vwulfwo| suhihuv wkh
+5 ￿ 4, vfkhph wr dq| rwkhu vfkhph ri frqwudfwlqj1
Zkhwkhu h￿ruw lv revhuydeoh ru qrw/ zh vhh wkdw lq dq| rswlpdo vfuhhqlqj
vfhqdulr zkhuh wkh odqgorug zlvkhv wr vhsdudwh ehwzhhq wkh kljk dqg wkh orz
vnloohg whqdqwv/ kh w|slfdoo| r￿huv d orqj whup frqwudfw wr vhohfw wkh kljk0
vnloohg whqdqw dqg d vkruw whup frqwudfw wr vhohfw wkh orz0vnloohg rqh1 Wkh
gulylqj irufhv ehklqg wklv jhqhudo uhvxow duh wkh iroorzlqj1 Iluvwo|/ lq dq|
vhsdudwlqj rxwfrph zkhuh wkh kljk0vnloohg whqdqw zrunv xqghu d vkruw whup
frqwudfw/ wkhuh lv d yduldwlrq lq klv sd|r￿v ryhu wkh wzr shulrgv1 Wkhuhiruh/
r￿hulqj d frqwudfw zlwk d orqjhu gxudwlrq hqdeohv wkh odqgorug wr h{wudfw
d juhdwhu olihwlph vxusoxv iurp wkh kljk0vnloohg whqdqw e| h{wudfwlqj wkh
h{wud sd|r￿ wkdw wkh whqdqw hqmr|v iurp wkh vprrwklqj ri klv sd|r￿ vwuhdp1
Krzhyhu/ wkh odqgorug qhhgv wr eh fduhixo ri dqrwkhu dvshfw1 Vlqfh wkh
frqwudfw r￿huhg lq shulrg 5 wr wkh orz0vnloohg whqdqw lv dwwudfwlyh wr wkh
kljk vnloohg rqh/ kh pxvw pdnh vxuh wkdw wkh kljk0vnloohg whqdqw grhv qrw
dffhsw wkh orqj whup frqwudfw ghvljqhg iru wkh orz0vnloohg rqh1 R￿hulqj rqo|
d vkruw whup frqwudfw wr wkh orz0vnloohg whqdqw grhv wklv mre dqg hqwdlov d
orw ohvv lqirupdwlrq uhqw rq sduw ri wkh odqgorug dv djdlqvw wkh fdvh zkhuh
kh vhsdudwhv e| r￿hulqj orqj whup frqwudfwv wr erwk w|shv ri whqdqwv1 Dovr/
r￿hulqj d vkruw whup frqwudfw wr wkh orz0vnloohg whqdqw grhv qrw uhgxfh
wkh sd|r￿ ri wkh odqgorug dv wkh orz0vnloohg whqdqw*v sd|r￿ lv vprrwkhg
xqghu dq| vhsdudwlqj frqwudfwxdo vfkhph1 Ri frxuvh/ zlwk wkh srvvlelolw| ri
plvuhsuhvhqwdwlrq/ wkh ryhudoo lqirupdwlrq uhqw iruhjrqh e| wkh odqgorug pd|
eh kljkhu wkdq zkhq vxfk plvuhsuhvhqwdwlrqv duh uxohg rxw1 Qhyhuwkhohvv/
wkh suhihuhqfh rughulqj ri wkh odqgorug ryhu gl￿huhqw frqwudfwlqj gxudwlrqv
iru gl￿huhqw vnloov uhpdlqv xqd￿hfwhg1
) *   + 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Vr idu/ zh kdyh dvvxphg wkdw wkh sodqqlqj krul}rq frpsulvhv ri rqo| wzr sh0
ulrgv1 Lq grlqj vr zh kdyh ehhq deoh wr surylgh d wkhruhwlfdo h{sodqdwlrq wr
Qhzehu|*v fodlp wkdw ￿{hg uhqw frqwudfwv duh ri orqjhu gxudwlrq wkdq vkduh0
fursslqj duudqjhphqwv1 Krzhyhu/ zkloh zh kdyh ehhq deoh wr fdswxuh wkh
edvlf vslulw ri wkh lvvxh uhjduglqj gxudwlrq ri whqdqf| frqwudfwv/ wkh prgho
zh kdyh xvhg vr idu lv xqdeoh wr h{sodlq wkh h{dfw ￿qglqjv ri Edqglhud iurp
4<wk Fhqwxu| Vlflo| zkhuh gxudwlrqv ri rqh/ wzr/ wkuhh/ irxu dqg pruh |hduv
59duh revhuyhg1 Lq wklv oljkw/ rqh pd| zrqghu li wkh hvwdeolvkhg suhihuhqfh ri
wkh odqgorug ryhu wkh gxudwlrq ri frqwudfwv lv urexvw wr pdq| shulrgv1 Lq
wklv vhfwlrq zh dgguhvv wklv lvvxh lq d idluo| lqirupdo pdqqhu1
Zh ehjlq e| h{whqglqj wkh wzr0shulrg jdph irup ghvfulehg lq vhfwlrq 514
wr q shulrgv/ 5 ?q?41 Zkhwkhu zh doorz iru h￿ruw wr eh revhuydeoh ru qrw/
dqg wkhuhiruh zkhwkhu wkh whqdqw zloo kdyh wkh srvvlelolw| ri plvuhsuhvhqwlqj
klv wuxh vnloo ru qrw/ wkh edvlf dujxphqw zloo uhpdlq vlplodu1 Iru wkh vdnh ri
vlpsolflw|/48 ohw xv dvvxph wkdw h￿ruw lv revhuydeoh1 Ohw ￿@i4>===nj eh wkh
vhw ri srvvleoh vnloov ri wkh whqdqw/ zlwk ￿ 5 ￿1
Li n @5 / wkhq zh fodlp wkdw wkh xqltxh vhsdudwlqj htxloleulxp ri wkh
q￿shulrg jdph irup lv dv iroorzv= wkh odqgorug r￿huv dq q￿shulrg orqj
whup ￿{hg uhqw frqwudfw dqg d 40shulrg vkruw whup vkduhfursslqj frqwudfw
dw wkh ehjlqqlqj ri shulrg 4> d kljk vnloohg whqdqw zrunv xqghu wkh orqj whup
duudqjhphqw zkloh wkh orz vnloohg whqdqw zrunv xqghu wkh vkruw whup rqh1
Wr vhh wklv revhuyh wkdw zkhq n @5 / wkh sureohp idfhg e| wkh odqgorug lv
hvvhqwldoo| wkh vdph zlwk wkh 50shulrg jdph irup vwxglhg lq vhfwlrqv 6 dqg
71 Lq sduwlfxodu/ xqghu wkh rswlpdo +4 ￿ 4, vfkhph ryhu q shulrgv/ wkh sd|r￿
ri wkh orz vnloohg whqdqw uhpdlqv ￿{hg dw x+￿, lq hdfk ri wkh q shulrgv zkloh
wkh kljk vnloohg whqdqw uhfhlyhv d vxusoxv lq shulrg 4 dqg x+￿, lq hdfk ri
wkh uhpdlqlqj q ￿ 4 shulrgv1 Vxssrvh wklv shulrg 4 sd|r￿ lv {Ax +￿,1
Zlwk vwulfw frqfdylw| ri x+￿,/ lw iroorzv wkdw wkh odqgorug ￿qgv lw rswlpdo wr
vprrwk wkh sd|r￿ ri wkh kljk vnloohg whqdqw ryhu wkh hqwluh q￿shulrg krul}rq
e| r￿hulqj klp d ￿{hg sd|r￿ vwulfwo| ohvv wkdq +{ . +q ￿ 4,x+￿,,@q lq hdfk
shulrg1 Wr pdnh vxfk d orqj whup frqwudfw LLF/ wkh odqgorug pxvw r￿hu d
rqh0shulrg frqwudfw dv dq dowhuqdwlyh iru wkh orz vnloohg whqdqw1
Wkh htxloleulxp ehfrphv pruh lqwhuhvwlqj zkhq nA51 Iljxuh 8 gh0
slfwv wkh ￿uvw shulrg frqwudfwv lq d w|slfdo vhsdudwlqj htxloleulxp xqghu wkh
+4 ￿ 4 ￿ 4, vfkhph zlwk n @6+fohduo| wkh vhfrqg shulrg frqwudfwv duh doo
￿{hg uhqw frqwudfwv dqg duh qrw vkrzq lq wkh ￿jxuh,1
Lq jhqhudo/ vxfk dq htxloleulxp xqghu wkh +4 ￿ ===== ￿ 4,&3 wlphv vfkhph
h{klelwv wkh iroorzlqj ihdwxuhv1
l, Lq wkh whuplqdo +q ￿ 4, shulrgv/ wkh frqwudfwv r￿huhg duh ￿{hg uhqw
frqwudfwv/ h{wudfwlqj wkh vxusoxv iurp doo w|shv ri whqdqwv/ zkloh lq shulrg
4/ whqdqw ri vnloo n uhfhlyhv d ￿{hg uhqw frqwudfw/ zkloh doo rwkhu w|shv iurp
4 wr n ￿4 uhfhlyh vkduh frqwudfwv1
48Wkh dujxphqw zkhq h￿ruw lv qrw revhuydeoh lv pruh lqyroyhg1
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Iljxuh 8= Shulrg 4 frqwudfwv zlwk n @ 6
ll, Ixuwkhupruh/ wkh vkduh iru wkh ￿￿wk w|sh lv juhdwhu wkdq wkdw ri wkh
+￿ .4 ,￿wk w|sh1
lll, Frqvhtxhqwo|/ wkh whqdqw zlwk vnloo ￿ @4zloo hduq }hur vxusoxv/ zkloh
doo whqdqwv zlwk vnloo 5 wr n hduq d srvlwlyh vxusoxv/ zlwk wkh vxusoxv hduqhg
e| wkh ￿￿w kw | s he h l q jp r u hw k d qw k d wr iw k h+￿ .4 ,￿wk w|sh1
Lw lv hdv| wr vhh wkdw wkh deryh +4 ￿ === ￿ 4,&3 wlphv vfkhph lv vwulfwo|
ohvv suhihuuhg e| wkh odqgorug wr wkh iroorzlqj
￿
q ￿ +4 ￿ ==== ￿ 4,E&3￿￿3 wlphv
￿
vfkhph= wkh odqgorug r￿huv wkh fhuwdlqw| htxlydohqw ￿{hg uhqw frqwudfw ri
wkh +4 ￿=== ￿ 4,&3 wlphv vfkhph iru q￿ shulrgv wr wkh whqdqw ri vnloo n/ zkloh
doo rwkhu frqwudfwv uhpdlq wkh vdph dv deryh1 Qrwlfh wkdw xqghu wklv qhz
duudqjhphqw/ wkhuh lv vwloo vrph sd|r￿ yduldwlrq h{shulhqfhg e| wkh whqdqwv
ri w|sh 5 wr n￿41 Wkh txhvwlrq lv fdq wkh odqgorug gr ehwwhu e| vprrwklqj
wkh lqfrph ri vrph rwkhu w|shv ri whqdqwvB Fohduo|/ klv ￿uvw fkrlfh zrxog eh
wr vprrwk wkh sd|r￿ ri wkh whqdqw zlwk vnloo n￿4 vlqfh wkh +n ￿ 4,￿wk w|sh
h{shulhqfhv wkh kljkhvw sd|r￿ yduldwlrq lq wklv qhz vhwwlqj1 Krzhyhu/ wkh
odqgorug fdqqrw r￿hu dq q￿shulrg fhuwdlqw| htxlydohqw ￿{hg uhqw frqwudfw
wr wkh +n ￿ 4,￿wk w|sh vlqfh wkhq wkh n￿wk w|sh whqdqw zloo qrw zrun xqghu
wkh frqwudfw ghvljqhg ruljlqdoo| iru klp dqg jude wkh q￿shulrg rqh ghvljqhg
iru wkh +n ￿ 4,￿wk w|sh1 Wkh rswlpdo fkrlfh ri wkh gxudwlrq ri wklv fhuwdlqw|
5;htxlydohqw ￿{hg uhqw frqwudfw iru w|sh n￿4 lq wklv vhwwlqj lv eh|rqg wkh vfrsh
ri wklv sdshu1 Krzhyhu/ lq dq| LV htxloleulxp/ wkh kljkhvw w|sh zloo uhfhlyh
do r q jw h u pq￿shulrg ￿{hg uhqw frqwudfw zkloh wkh orzhvw w|sh zloo uhfhlyh
d 40 shulrg vkduh frqwudfw1 Wkh lqwhuphgldwh w|shv zloo uhfhlyh frqwudfwv
zlwk gxudwlrqv udqjlqj iurp 4 wr q￿41 Rxu frqmhfwxuh lv wkdw rqh srvvleoh
htxloleulxp zloo h{klelw wkh iroorzlqj odgghu= dv wkh vnloo ri wkh whqdqw
ghfuhdvhv wkh ohqjwk ri wkh frqwudfw ghfuhdvhv dv zhoo1 Krzhyhu wkh h{dfw
qdwxuh ri wkhvh frqwudfwv uhpdlqv dq rshq txhvwlrq1
,!    %     
D odqgorug fdq dozd|v r￿hu frqwudfwv vxfk wkdw lq hdfk shulrg kh jxdudqwhhv
wr sd| dffruglqj wr wkh vnloo ri wkh whqdqw hyhq li vxfk vnloov duh qrw shuihfwo|
revhuydeoh1 Wkhvh duh wkh vwdqgdug vfuhhqlqj frqwudfwv vwxglhg h{whqvlyho|
lq hfrqrplfv1 Wkh txhvwlrq lv/ f d qk hg re h w w h u B Lq wklv sdshu zh kdyh
vkrzq wkdw wkh dqvzhu lv fhuwdlqo| |hv li wkh whqdqwv duh pruh ulvn dyhuvh1
Wkh odqgorug vwulfwo| lqfuhdvhv klv olihwlph sd|r￿v e| wdnlqj dgydqwdjh ri wkh
idfw wkdw kh fdq dovr gl￿huhqwldwh ehwzhhq wkh frqwudfwv r￿huhg wr wkh wzr
w|shv ri whqdqwv lq wkh glphqvlrq ri wlph1 Lq sduwlfxodu/ klv ehvw vfkhph lv wr
r￿hu orqj whup frqwudfwv wr kljk0vnloohg whqdqwv dqg vkruw whup frqwudfwv wr
orz0vnloohg whqdqwv1 Lw lv wkhq qrw vxusulvlqj dw doo wkdw vkruw dqg orqj whup
frqwudfwv pd| fr0h{lvw dv kdv ehhq hpslulfdoo| yhul￿hg e| Edqglhud1 Dovr/
Qhzehu|*v fodlp wkdw vkduh fursslqj lv w|slfdoo| vkruw whup zkloh ￿{hg uhqw
frqwudfwv duh orqj whup pd| dovr eh vxssruwhg e| wkh wkhru| zh surylgh khuh1
Lq wklv sdshu zh kdyh wkurxjkrxw dvvxphg wkh fdvh ri ixoo frpplwphqw1 Dq
lqwhuhvwlqj h{whqvlrq zrxog eh wr vwxg| wkh urexvwqhvv ri rxu uhvxowv lq wkh
idfh ri uhqhjrwldwlrq lq hdfk shulrg1 Zh uhvhuyh wklv iru ixwxuh uhvhdufk1

^4‘ Edqglhud/ R/ +4<<<,1 Rq wkh vwuxfwxuh ri Whqdqf| Frqwudfwv= Wkhru|
dqg Hylghqfh iurp 4<wk Fhqwxu| Uxudo Vlflo|1 Zrunlqj sdshu LVVQ
469:03<97/ Orqgrq Vfkrro ri Hfrqrplfv1
^5‘ Edugkdq/ S1/ +4<;7,1 Odqg/ Oderu dqg Uxudo Sryhuw|1 Qhz \run=
Froxpeld Xqlyhuvlw| Suhvv1
^6‘ Edvx/ N1/ +4<<:,1 Dqdo|wlfdo Ghyhorsphqw Hfrqrplfv= Wkh Ohvv Ghyho0
rshg Hfrqrp| Uhylvlwhg1 Fdpeulgjh/ Hqjodqg= PLW Suhvv1
5<^7‘ Gxwwd/ Ekdvndu1/ Gheudm Ud|/ dqg Nxqdo Vhqjxswd/ +4<;<,1 Frqwudfwv
zlwk hylfwlrq lq lq￿qlwho| uhshdwhg sulqflsdo0djhqw uhodwlrqvklsv1 Lq
Edugkdq S1 +hg1, Wkh hfrqrplf wkhru| ri djuduldq lqvwlwxwlrqv1 Foduhq0
grq Suhvv/ R{irug1
^8‘ Kdoodjdq/ Z1/ +4<:8,1 Vhoi0vhohfwlrq e| frqwudfwxdo fkrlfh dqg wkh wkh0
ru| ri vkduhfursslqj1 Ehoo Mrxuqdo ri Hfrqrplfv/ </ 6770871
^9‘ Pdv0Frooho/ Dqguhx1/ Plfkdho Zklqvwrq dqg Mhuu| Juhhq1 +4<<8,1 Pl0
furhfrqrplf wkhru|1 R{irug Xqlyhuvlw| Suhvv/ R{irug1
^:‘ Pxwkrr/ D1/ +4<<;,1 Uhqhjrwldwlrq0surri whqxuldo frqwudfwv dv vfuhhqlqj
phfkdqlvpv/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 89/ 40591
^;‘ Qhzehu|/ G1P1J1 +4<::,1 Ulvn0vkdulqj/ Vkduhfursslqj/ dqg Xqfhuwdlq
Oderxu Pdunhwv1 Uhylhz ri Hfrqrplf Vwxglhv/ 77/ 8;80<71
^<‘ Ud|/ G1/ +4<<;,1 Ghyhorsphqw Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ Qhz Mhuvh|1
^43‘ Vlqjk/ Q1/ +4<;<,1 Wkhrulhv ri vkduhfursslqj1 Lq= Edugkdq S1/ +hg1,/
Wkh hfrqrplf wkhru| ri djuduldq lqvwlwxwlrqv1 R{irug Xqlyhuvlw| Suhvv/
R{irug1
63